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We study the exchange correction to the density of states in the three-dimensional metal near
the Fermi energy. In the ballistic limit, when the distance to the Fermi level exceeds the inverse
transport relaxation time 1/τ , we find the correction linear in the distance from the Fermi level. By
a large parameter ǫFτ this ballistic correction exceeds the diffusive correction obtained earlier.
PACS numbers: 71.10.Pm, 73.40.Gk
The zero-bias tunneling anomaly in disordered metals
has been studied extensively both experimentally2,3 and
theoretically1,4,3. The explanation of this phenomenon
has been given on the basis of the interaction induced cor-
rection to the single-particle density of states (DOS). For
the three-dimensional case the leading order exchange
correction is given by:
δνdiff
ν0
= A
λ
(ǫFτ)
2
√
|ε|τ. (1)
Here ν0 = m
2vF/π
2 is DOS on the Fermi level in the
non-interacting metal (m and vF being the mass of elec-
tron and the Fermi velocity correspondingly, h¯ = 1),
A = 33/2/8
√
2 ≈ 0.459 is the numerical constant, and λ
is the unitless interaction strength. In the realistic cases
λ ≈ 1. The subscript attached to the correction to DOS
δνdiff emphasizes that the above result is valid in the dif-
fusive limit, i. e. when the distance to the Fermi level
|ε| is much smaller than the inverse transport scattering
time 1/τ . The maximum value that the correction can
reach can therefore be estimated as δν/ν <∼ (ǫFτ)−2 ≪ 1.
In this work we evaluate the exchange correction to
DOS in three-dimensional metal with short-range impu-
rities. The use of the concrete form of disorder allows us
to go beyond the universal diffusive regime. Our result
in the ballistic regime (|ε| ≫ 1/τ) is:
δνball
ν0
= B
λ
(ǫFτ)
2
|ε|τ. (2)
Here B = π/16 ≈ 0.196 is the numerical constant,
λ = V˜ (ω = 0, q = 0)ν0, where V˜ (ω, q) is the Fourier
transform of screened electron-electron interaction po-
tential. This result is valid up until energies of the order
of Fermi energy. The maximum value reached by this
correction can be estimated as δν/ν <∼ (ǫFτ)−1. Thus
it exceeds the diffusive correction by a large parameter
ǫFτ . We conclude therefore that the ballistic correction
produces a larger suppression of DOS on the Fermi level
than the diffusive correction in case of short range impu-
rities.
The singular diffusive correction to the tunneling DOS
is observed in many experiments.1,3 However at larger
energies it crosses over into less singular correction, be-
having approximately as the absolute value of distance
to the Fermi level. This behavior is consistent with our
prediction (2) for the ballistic regime. The details of the
crossover between (1) and (2) are given below.
To derive Eq. (2) we follow the guidelines of Refs. 1
and 4. The correction to one particle DOS is related to
the exchange correction to the retarded Green function
δν(ε) = − 2
π
∫
dp
(2π)3
ImδGR(ε,p) (3)
The latter is calculated in the first order of the perturba-
tion theory in the electron-electron interaction V˜ (ω, q)
δGR(ε,p) = i
[
GR(ε,p)
]2 ∫ dq
(2π)3
dω
2π
× [Γ(ω, q)2 − 1]GA(ε− ω,p − q)V˜ (ω, q).
(4)
Here GR and GA are the retarded and ad-
vanced Green functions respectively GR,A(p, ε) =
1/
(
ε− p2/2m± i/2τ). We subtract unity from the
square of the vertex function in the presence of im-
purities Γ(ω, q) to exclude “bare” interaction correction
existing with no impurities. The vertex function has to
be calculated using our model of impurity potential
u(r) =
∑
i
u0δ(r − ri), (5)
where the locations of impurities ri are scattered ran-
domly with average density ni. In the ladder approxima-
tion the vertex is then given by
Γ(ω, q) = θ [ε(ε− ω)] + θ(ε)θ(ω − ε)
1− ζ(ω, q)
+
θ(−ε)θ(ε− ω)
1− ζ∗(ω, q) ,
(6)
where
ζ(ω, q) = ni|u0|2
∫
dp
(2π)3
GR(p+ q, ε)GA(p, ε− ω)
=
i
2qvFτ
ln
ω + qvF + i/τ
ω − qvF + i/τ ,
(7)
1
and 1/τ = πν0ni|u0|2. The latter expression is valid for
any ω, ε, qvF ≪ ǫF. In the diffusive case (ω, ε, qvF ≪
1/τ) the last expression takes the form ζ = 1 + iωτ −
(qvFτ)
2/3 and the vertex part has the expected diffusive
pole.
The screened electron-electron interaction V˜ (ω, q) =
4πe2/
[
q2 + 4πe2Π(ω, q)
]
, where the polarization opera-
tor derived in the random phase approximation
Π(ω, q) = ν0 [1 + αiωτζ/(1− ζ)] . (8)
Here parameter α is equal to 1 or 0 depending on whether
the retardation of the interaction is to be taken into ac-
count or not. This parameter is introduced for compari-
son to the earlier results.1
After some transformations the expression for the cor-
rection to DOS is obtained from Eq. (4)
δν
ν0
=
λ
(ǫFτ)2
f (|ε|τ) , (9)
where the interaction constant λ = 1 and
f(γ) =
1
8π
∫ γ
0
dγ′Im
∫
∞
0
x2dx
x2 − (γ′ + i)2
× 2ζ − ζ
2
(1− ζ) [1− ζ(1 − αiγ′)] ,
ζ =
i
2x
ln
γ′ + x+ i
γ′ − x+ i .
(10)
The integrals in (10) cannot be evaluated in terms of ele-
mentary functions. Nevertheless the asymptotic expres-
sions for diffusive (γ ≪ 1) and ballistic (γ ≫ 1) cases are
easily obtained:
f(γ) =
{
A
√
γ, γ ≪ 1
Bγ, γ ≫ 1. (11)
They lead to Eqs. (1) and (2). The constant A in this
formula differs for the cases of instantaneous (α = 0)
and retarded (α = 1) interactions. For the former case
we obtain A = 33/2/16
√
2, for the latter A = 33/2/8
√
2.
This agrees with the previous results.1 The ballistic con-
stant B = π/16 is the same for both instantaneous and
retarded cases.
The crossover between diffusive and ballistic regimes
can be described numerically. To this end we represent
the correction to DOS in the intermediate region as fol-
lows
δν = C
√
δν2
diff
+ δν2
ball
, (12)
where the crossover function C ≈ 1 is shown in Fig. 1.
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FIG. 1. The crossover function.
The crossover function can be effectively fitted with
polynomials
C(ξ) =
∑
n
Cnξ
n, ξ ≡ ετ/ (1 + ετ) . (13)
The fit with a 7th degree polynomial with coefficients
C0 = 0.9999, C1 = −0.2610, C2 = 0.9114, C3 = −5.6062,
C4 = 17.9270, C5 = −28.7905, C6 = 22.8587, and
C7 = −7.0387 guarantees an error not exceeding 0.14%.
In conclusion we evaluated the exchange correction to
the tunneling density of states in three-dimensional metal
in the ballistic regime (1/τ ≪ ε≪ ǫF). The obtained cor-
rection is proportional to the distance to the Fermi level ε
and exceeds the diffusive correction by the large param-
eter ǫFτ . The crossover between diffusive and ballistic
limits is also studied.
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